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Abstract. Let R be a non-negatively graded Cohen-Macaulay ring with Rq a Cohen-Macaulay 
factor ring of a local Gorenstein ring. Let d = dimR, m be the maximal homogeneous ideal of R, and 
M be a finitely generated graded R-module. 

It has long been known how to read information about the socle degrees of the local cohomology 
module from the twists in position d in a resolution of M by free R-modules. It has also 

long been known how to use local cohomology to read valuable information from complexes which 
approximate resolutions in the sense that they have positive homology of small Krull dimension. The 
present paper reads information about the maximal generator degree (rather than the socle degree) of 
H^(M) from the twists in position d — I (rather than position d) in an approximate resolution of M. 

We apply the local cohomology results to draw conclusions about the maximum generator degree 
of the second symbolic power of the prime ideal defining a monomial curve and the second symbolic 
power of the ideal defining a finite set of points in projective space. 

There is an application to general hyperplane sections of subschemes of projective space over 
an infinite field k. Let V be the subscheme of * defined by the homogeneous ideal I in R = 
k[x\ ,... ,Xct\ and H he a linear subspace of P^^’ defined by c general linear forms in R, for some 
c with 1 < c < dimV. The local cohomology techniques lead to an upper bound for the maximal 
generator degree of the saturated ideal defining V fiH in terms of information that can be read from 
the minimal homogeneous resolution of R//. 

There is an application of the local cohomology techniques to partial Castelnuovo-Mumford reg¬ 
ularity. There is a further application to the ideals generated by the lower order Pfaffians of an 
alternating matrix. 

One additional application is to the study of blow-up algebras. The techniques of the present 
paper are the main tool used in I13l to identify the defining equations, or bounds on the degrees of 
the defining equations, for Rees algebras of ideals. 


1. Introduction. 


For the time being, let /? be a non-negatively graded polynomial ring in d variables over a field 
and M be a finitely generated graded 7?-module of depth zero. It is well known how to 

^ Q read the socle degrees of M from the twists at the end of 

a minimal homogeneous finite free resolution of M. 

Of course, the socle of M is the socle of the local cohomology module where m is the max¬ 

imal homogeneous ideal of R. In this paper we find bounds on the degrees of interesting elements 
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of (M) in terms of information about the ring R and information that can be read from a homo¬ 
geneous complex of finitely generated /^-modules C, : ■ • • ^ C 2 —> Ci —> Cq —> 0 with Ho(C,) = M. 
The ring R need not be a polynomial ring, the complex C, need not be finite, need not be acyclic, and 
need not consist of free modules, and the parameter i need not be zero. Instead, we impose hypothe¬ 
ses on the Krull dimension of Hy (C,) and the depth of Cj in order make various local cohomology 
modules H^(Hj(C,)) and H^(Cy ) vanish. 

Our most general algebraic statement is Proposition 15.11 Numerical applications of Proposi¬ 
tion [511] appear as Corollaries 15.31 1531 and l5.7l In Corollary 15.31 we bound the maximum generator 
degree of Hj„(M) in terms of the maximum generator degree of Cj for appropriately related i and j. 
In particular, in Corollary 15.51 we bound the maximum generator degree of in terms of the 

maximum generator degree of Cj-i- The hypotheses of Corollary 15.51 hold if C, is a resolution of 
M; consequently, this result is completely analogous to (11.0.11) where max{r | / 0} is read 

from the generator degrees of Cd- Corollary 15.71 is an intriguing generalization of the well-known 
fact that a maximal Cohen-Macaulay module over a polynomial ring is free. 

Corollary 15.51 is precisely the result that we use in |[T3l to identify the torsion submodule of the 
symmetric modules Sym£(/) where / is a grade three Gorenstein ideal in an even-dimensional poly¬ 
nomial ring. A more elementary result fLemma 1331) may be used to identify the torsion submodule 
of Sym£(/) when / is a grade three Gorenstein ideal in an odd-dimensional polynomial ring. It turns 
out that Lemma 13.21 may be derived in full generality from the techniques involved in the proof 
of Proposition 15.11 see Remark 1431 We devote Section [3] to the statement of Lemma 1331 and the 
deduction of a few numerical consequences. We view this lemma as a model for the main results in 
the present paper. 

SectionjUis rather audacious. We relate the cohomology of Hom(C,,A) to Ext*(M,A), where C, 
is a complex with Ho(C,) = M and M and N are arbitrary modules. In spite of the a priori lack of 
hypotheses we obtain a significant, multi-faceted, result which is the basis for Section [51 and hence 
the rest of the paper. 

In Section 0 we apply the local cohomology techniques of Section [5] to draw conclusions about 
geometric situations. Corollary 16.21 shows that if p is the prime ideal which defines fhe monomial 
curve associafed fo a numerical semigroup H, fhen fhe maximal generafor degree of fhe second 
symbolic power of p salisfies 

< inax{f7o(p) -|- fhe maximal generafor of //-|- fhe Frobenius number of H,2bQ{p)}. 

(The funcfion bo represenfs “maximum generafor degree”, see 12.21 1 Corollary 16.41 shows fhaf if I is 
fhe ideal which defines a finife sef of poinfs in projecfive space, fhen 

bo{I^^^)<bo{I)+p{P/I) + 2, 

where p{P/I) is fhe posfulafion number of fhe homogeneous coordinafe ring of fhe sef of poinfs. 
Corollary 16.71 is abouf general hyperplane secfions of subschemes of projecfive space. Lef V be 
fhe subscheme of defined by fhe homogeneous ideal I in R = k[xi,... ,Xd] and H he a linear 
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subspace of defined by c general linear forms in k[x\^... ,Xd], for some c with 1 < c < dimV. 
We produce an upper bound for the maximal generator degree of the saturated ideal defining the 
subscheme V o^ H, in terms of information that can be read from the minimal homogeneous 
resolution of/?//. If V is arithmetically Cohen-Macaulay, then this information can be obtained by 
way of the well-known technique of Artinian reduction. However, if V is not arithmetically Cohen- 
Macaulay, then the bounds that we obtain appear to be new. In particular, we have highlighted the 
case when V n // is a zero dimensional scheme. 

Section [ 8 ] contains applications of our local cohomology techniques to ideals generated by lower 
order Pfaffians and to residual intersections of grade three Gorenstein ideals. Let k be an infinite 
field, d and n be integers with 3 < d < n and n odd, R be the standard graded polynomial ring 
,... ,Ad], cp be an n X n alternating matrix with homogeneous linear entries from R. Let I denote 
the ideal Pf„_i(cp) and m denote the maximal homogeneous ideal of R. Assume that I has height 
three and satisfies fFo on the punctured spectrum of R. (See Remark [ 8 ^ for a definition.) Then the 
following statements hold. 

(a) The ideal Pb(cp) is equal to for all even integers t with 2 <t <n — d + i- 

(b) The sum of all homogeneous (/-residual intersections of / is 

In part © if (/ = 3, then the sum of all homogeneous links of I is equal to ; indeed, the links 
of the ideal I are precisely its 3-residual intersections. Sums of all links of a given ideal have been 
used before to study the entire linkage class of the ideal; see for instance ifTTlfT^ . 

2. Conventions, notation, and preliminary results. 

2 . 1 , If M and N are modules over the ring /?, then A is a subquotient of M if A is isomorphic to a 
submodule of a homomorphic image of M; that is, if there exists an /?-module P with 

M 

- ^P. 

Of course, A is also a subquotient of M if A is isomorphic to a homomorphic image of a submodule 
of M. The property of being a subquotient is transitive in the sense that if Mi is a subquotient of M 2 
and M 2 is a subquotient of M 3 , then Mi is a subquotient of M 3 . 

2 . 2 . We collect names for some of the numbers associated to a graded module. Let /? be a graded 
Noetherian ring and M be a graded /?-module. Define 

topdegM = inf{T | My = 0 for all j with x < 7 }, 
indegM = sup{x | My = 0 for all j with j < x}, and 
bo{M) = inf {x \R (©y<xMy) = M} . 
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If R is non-negatively graded, Rq is local, m is the maximal homogeneous ideal of R, and i is a 
non-negative integer, then also define 


ai{M) = topdegHj„(M) and 
bi{M) = topdegTorf (M,/?/m). 


Observe that both definitions of the maximal generator degree bo{M) give the same value. The 
expressions “topdeg”, “indeg”, and “fj,” are read “top degree”, “initial degree”, and “maximal /-th 
shift in a minimal homogeneous resolution” respectively. If M is the zero module, then 


topdeg(M) = bo{M) = —oo and indegM = +oo. 


We often use the data of l2.3l 


2 . 3 . Let be a non-negatively graded Noetherian ring with Rq local and let m be the maximal 
homogeneous ideal of R. 

2 . 4 . Take R,Ro,m as described in 12.31 For a minimal homogeneous generating set yi,... ,y„ of m, 
with degyi > degya > • • • > degy„, let 0, = degyj. 

2 . 5 . Take R,Ro,m as described in 12.31 If M is a graded /^-module, then recall that the socle of M is 
the graded /^-module 

0 :m 1 TI = {x GM I m-x = 0} = Hom/;(7?/m,M). 

2 . 6 . Take R,Ro,m as described in l2.3l Assume further that R is Cohen-Macaulay and Rq is a Cohen- 
Macaulay factor ring of a local Gorenstein ring. Let S = 7?o[-^i > ■ • ■ A«] be a graded polynomial ring 
which maps homogeneously onto R. If g is the codimension of R as an S'-module, then the graded 
canonical module of R is 

(Or = Ext|(/?,(ORo (8)Ro5)(-^degX;), 
where corq is the canonical module of Rq 

2 . 7 . Take R,Ro,m as described in 12.31 with dim/? = d. Recall the numerical functions of l2.2l The 
a-invariant of R is 

a{R) = ad{R). 

Furthermore, if (Hr is the graded canonical module of R fsee 12.61) . then 

a{R) = — indeg (Or. 

2 . 8 . The graded ring /? = 0 /?, is a standard graded R^-algebra if R is generated as an /?o-algebra 

;>0 

by /?i and /?i is finitely generated as an /?o-module. 

2 . 9 . Let /? be a standard graded polynomial ring over a field k, m be fhe maximal homogeneous 
ideal of R, and M be a finitely generated graded /?-module. Recall the numerical functions of l2.2l 
The Casteln uovo-Mumford regularity of M is 

regM = max{a,(M) -|- /} = max{bi{M) — /}. 


DEGREE BOUNDS EOR LOCAL COHOMOLOGY 


5 


2.10. Let 7? be a Noetherian ring, / be a proper ideal of R, and M be a finitely generated /^-module. 
The grade of I is the length of a maximal regular sequence on R which is contained in I. (If R is 
Cohen-Macaulay, then the grade of I is equal to the height of I.) The /^-module M is called perfect 
if the grade of the annihilator of M (denoted annM) is equal to the projective dimension of M. (The 
inequality grade(annM) < pd^M holds automatically if M / 0.) The ideal / in 7? is called a perfect 
ideal if 7?/7 is a perfect 7?-module. A perfect ideal 7 of grade g is a Gorenstein ideal if Ext|(7?/7,7?) 
is a cyclic R-module. 

2.11. If tp is a matrix, then tp* is the transpose of tp. If tp is a matrix (or a homomorphism of free 
7?-modules), then 7r((p) is the ideal generated by the r x r minors of tp (or any matrix representation 
of tp). If tp is an alternating matrix, then Pfr((p) denotes the ideal generated by the the Pfaffians of 
principal r x r alternating submatrices of tp. 

2.12. Let q be an integer and 7? be a ring. A complex of finitely generated free 7?-modules 

0 —y y —y • • * —y Cq —y 0 

is called q-linear if Ct = R{—q — 7)^', for some p,-, for all i with 0 <i < i. 

3. A MODEL. 

The present paper generalizes Lemma [T2l which is a well-known and very useful trick involv¬ 
ing local cohomology. The idea goes back to Gruson, Lazarsfeld, and Peskine IT) 1.6], at least. 
The statement is general and precise. Furthermore, the proof is short and not technical. We apply 
Lemma [T2] in ifTSll . where we compute the multiplicity of the special fiber ring of linearly pre- 
senfed grade fhree Gorensfein ideals. We explain in Remark 1431 why Lemma [T2l follows from fhe 
fechniques of fhe presenf paper. 

Data 3.1. Lef 7? be a non-negafively graded algebra over a local ring Rq wifh dimT? = r/, m be fhe 
maximal homogeneous ideal of 7?, M be a graded 7?-module, and 

C. : ... ^ Cl ^ Co ^ 0 

be a homogeneous complex of finifely generafed graded 7?-modules wifh Ho(C,) = M. 

Recall fhe numerical functions of l2.2l 

Lemma 3.2. Adopt Data 13.11 Fix an integer i with 0 <i <d. Assume that 

(a) 7 -|- 7 -|- 1 < depfhCy, for all j with 0<j<d — i—\, and 

(b) dimHy(C,) < j + i, for all j with 1 < j. 

Then 

(1) Hj„(M) is a graded subquotient ofYl'^{Cd-i) and 

( 2 ) ai{M)<bo{Cd-i) + aiR). 


6 


ANDREW R. KUSTIN, CLAUDIA POLINI, AND BERND ULRICH 


Remark 3 . 3 . Typically, one applies Lemma [T2l when the modules Cj are maximal Cohen-Macaulay 
modules (for example, free modules over a Cohen-Macaulay ring), because, in this case, hypothesis 
© about depth Cy is automatieally satisfied. Similarly, if 

(3.3.1) H£(C,)p = 0 for all i and p with l<i<d — i— I, p€ Spee(/?), and i + 2 < dim/?/p, 
then hypothesis © is also satisfied. 

Proof. 0 Write B,, Z,, H, for boundaries, eyeles, homology of C,, respeetively; and eonsider the 
two homogeneous exaet sequenees 

(3.3.2) 0— >Bo — >Co — >M —^0 

(3.3.3) 0—^Hi— >Ci/Bi — >Bo —^0. 

We use deseending induetion on i beginning with i = d. The short exaet sequenee (13.3.21 ) gives 
rise to the surjeetion 

Hl(Co)^HfjM) 

sinee (Bq) = 0 . 

Now assume that i < d. The short exaet sequence (13.3.21) gives rise to 

Hj„(M)c- 

beeause / + 1 < depthC q, and (13.3.31) yields 

since dimHi < / + 1. Thus, H|,^(M) is a graded subquotient of {C\/B\). We apply the induction 
hypothesis to the module C\/B\ and notice that a subquotient of a subquotient is a subquotient. 

dll) Apply ([T]) to see that 

afM) < ad{Cd-i). 

Let F be a finitely generated graded free F-module whieh maps surjeetively onto Cd^i so that 
b(){F) = bo{Cd-i). The long exaet sequenee of loeal eohomology gives a surjeetion 

Kin^KiCd-i), 

whieh shows that 

ad{Cd-i) <ad{F) = bo{F) + a{R) = bo{Cd-i) + a{R). 

□ 

Corollary 3 . 4 . Adopt the hypotheses of Lemma \3.2\ with i = 0. Then the following statements hold. 

(a) IfCd = 0, then H° (M) = 0. 

(b) IfCd 7 ^ 0, then 


[Hj]^(M)]f = 0 for all i with bo{Cd) +a{R) < £. 


□ 
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Reminder. Keep in mind that the hypotheses of Lemma 13.21 are satisfied if the conditions of Re¬ 
mark |33] are in effect. 

Corollary 3.5. Adopt the hypotheses ofLemma \3.2\ with i = 0. Assume further that R = k[x\,... ,Xd\ 
is a standard graded polynomial ring and that the subcomplex 

Crf^...^Ci ^Co^O 

of C, is a q-linear complex of free R-modules, for some integer q {that is, Cj ~ R{—q — for 
some bj, for 0 < y < d). Then (M) is concentrated in degree q; that is, [h5^(M)]£ = 0 for all £ 
with If^q. 

Reminder. Keep in mind that the hypotheses of Lemma 13.21 are satisfied if the conditions of Re¬ 
mark |33] are in effect. 

Proof Apply Corollary 13.41 We may assume that and we see that [H5^(M)]y = 0 for £ with 

bo{Cd)+a{R)<£. But 

b(){Cd)+a{R) = {q + d)-d = q\ 

so [h 5J^(M)]£ = 0 for ^ f. On the other hand, is a graded submodule of M and [M]i = 0 

for all £ with £ <q. □ 

4. An elementary calculation. 

Our most general algebraic statement is Proposition 15. II Lemma l4~2] is the first step in the proof 
of Proposition 15.11 In Lemma l4~^ we relate the cohomology of Horn(C,, A) to Ext*(M,A), where 
C, is a complex with Ho(C,) = M and N is an arbitrary module. 

Setup 4.1. Let R be a graded ring, M and N be graded R-modules, and 

C* ! ... —y C\ —y Cq —y 0 

be a homogeneous complex of graded R-modules with Ho(C,) = M. Fix a positive integer i. We 
consider four hypotheses which can be imposed on the above data: 

• The data satisfies //top.i if Ext'~^(Hj(C,),A) = 0 for all integers j with 1 < y < i. 

• The data satisfies //bot.i if Ext'^^“^(Hy(C,),A) = 0 for all integers y with 1 < y < / — 1. 

• The data satisfies Ctop.i if Ext'^^(Cy,A) = 0 for all integers y with 0 < y < / — 1. 

• The data satisfies Cbot.i if Ext'~^“' (Cy,A) = 0 for all integers y with 0 < y < / — 2. 

Lemma 4.2. In the setup o/m] the following statements hold. 

(a) If the hypotheses Atopy, Aboty, Qopy, and Cboty oil are in effect, then there is a natural homoge¬ 
neous isomorphism H*(Hom(C,,A)) ~ Ext'(M,A). 

(b) If the hypotheses Atopy, Qopy, and Cboty ore in effect, then there is a natural homogeneous 
surjection 


Ext'(M,A) 


H'(Hom(C.,A)) . 
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(c) If the hypotheses //top,i> ^bot,i. Ctop,i are in effect, then there is a natural homogeneous 
surjection 

H'(Hom(C.,A^))-^Ext'(M,A^) . 

(d) If the hypotheses //top,i> ^bot,i. and Cbot.i are in effect, then there is a natural homogeneous 
injection 

(e) If the hypotheses //bot,i. Qop,!. and Cbot,i are in effect, then there is a natural homogeneous 
injection 

ExtfM,N)^ -^H'(Hom(C.,A^)) . 

(f) If the hypotheses //top,i and Cbot.i are in effect, then H'(Hom(C,,A^)) is a natural homogeneous 
subquotient ofExt‘{M,N). 

(g) If the hypotheses //bot.i and Ctop,i are in effect, then Ext'(M,A^) is a natural homogeneous sub¬ 
quotient o/H‘(Hom(C,,A^)). 

Proof Write B„ Z,, H, for boundaries, cycles, homology of C,, respectively. It is appropriate to 
define B \ to be M. Consider the two homogeneous exact sequences 

(4.2.1) 0 —>Bj —^ Zj —^ H^- —^ 0, for 0 < j, and 

(4.2.2) 0 —>Zj —^ Cj —^ Bj^i —^ 0, for 1 < j. 

Notice that (14.2.11) with 7 = 0 is the same as 

0 ^ Bq ^ Co ^ M ^ 0. 

Eet (—)^ denote the functor HomK(—,N) = Hom(—,N). Apply the functor (—)'^ to (14.2.11) and 
(14.2.21) to obtain the following homogeneous long exact sequences of cohomology 

(4.2.3) -^ Ext^(H 7 ,A) ^ Ext^(Z 7 ,A) ^ Ext^{Bj,N) Ext^+i(H 7 ,A) ^ ..., for 0 < 7 , 

(4.2.4) -^Ext^(C 7 ,A) ^ Ext^(Z 7 ,A) ^ Ext^+' (^ 7-1 ,A^) ^ Ext^^^^(C 7 ,A) ^ ..., for 1 < 7 . 

When 2 < i, it is helpful to combine the exact sequences 

C'^ Z) and 1 ^ Z,^ 1 ^ Ext' (B;_ 2 , A), 
which are part of (14.2.41) . with 7 = i and 7 = / — 1, respectively, into the picture 

(4.2.5) Cl, -^ Cf --- Cl, 

Zh 

Ext'(B,_ 2 ,A). 
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When / = 1, one combines the exact sequences 

and ^ ^ Ext' 


into the picture 
(4.2.6) 



The hypothesis //top.i guarantees the following information about the natural maps from the long 
exact sequence (14.2.31) : 

(4.2.7) Ext'^ {Zj,N) - Ext‘~ {Bj,N) is a surjection, for 1 < y < / — 1, and 

(4.2.8) Ext‘~j{Zj,N)^ -s- Ext‘^^{Bj,N) is an injection, for 1 < 7 < i. 


In particular, for j = i, (14.2.81) yields ZV- 9 - B^ . Now (14.2.51) and (14.2.61) imply 

(4.2.9) keray+i = ker(CV ^ Z/) = im(BV_iC-^ C^) . 

If 2 < i, then for 7 = / — 1, (14.2.71) yields: 

Zl, Bl, S coker(CV_i ^ Zl,) coker(C/_i ^ B^-i) - H''(Cy) , 
where the last isomorphism follows from (14.2.91) . Thus, 

(4.2.10) //top,i the natural map coker(C;^j ^ ^ H'(cy) is a surjection for 2 < i. 

Similarly, when / = 1, (14.2.61) shows that there always is a natural injection 

(4.2.11) coker(C^^B^)C- ^h'(0; 

furthermore, when //top.i is in effect, then this injection is an isomorphism by (14.2.91 ). 

The hypothesis //bot.i guarantees the following information about the natural maps from the long 
exact sequence (14.2.31) : 

(4.2.12) Ext'^'t^'(Zy,At)t- ^ {B j,N) is an injection, for 1 < 7 < / — 1, and 

(4.2.13) Ext'^''^^(Zy,At)- 99 - Ext‘^-’^^{Bj,N) is a surjection, for 1 < 7 < / —2. 

In particular, if 2 < / and 7 = / — 1, then (14.2.12b yields Zjljt-^ which in turn implies 


coker(C7,^ZL,)^coker(cy,^«L,)^ iSv-S- = H'(C.“); 


hence, 

(4.2.14) 


Hbot,i coker(CV j ^ Z^ j)C-^ H'(cy ), for 2 < i. 
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If 1 < i, then the hypothesis Ctop,i guarantees the following information about the natural maps 
from the long exact sequence (I4.2.4I) . when 1 < j, and from the long exact sequence (I4.2.3I) . when 
j = 0. (Keep in mind that Co = Zq and Hq = M). 

(4.2.15) Ext‘~^{Bo,N) - ^Ext‘{M,N) is a surjection, 

(4.2.16) Ext‘~ {Zj,N) - >^Ext‘^^ {B is a surjection, forl< 7 </ —1. 


In particular, if 2 < i, then (14.2.161) . with j = i — 1, is Ext' {Bj^ 2 ,N) ■ Combine this fact 

with (14.2.51) to see that 

(4.2.17) C,op,i ^ Ext' iBi^ 2 ,N) coker(CV j ^ Z^ j) . 

Eurthermore, if / = 1, then (14.2.61) shows that there is a natural homogeneous injection 

(4.2.18) coker(C^ -^Ext'(M,/7) 

and this injection is an isomorphism when Ctop.i is in effect. 

If 2 < i, then the hypothesis Cbot,i guarantees the following information about the natural maps 
from the long exact sequence (14.2.41) . when 1 < and from the long exact sequence (14.2.31) . when 
j = 0. (Recall that Co = Zq and Ho = M). 

(4.2.19) Ext‘^^ {Bo,N)'' -^Ext'(M,77) is an injection, 

(4.2.20) Ext'~^“'(Zy,/7)^^- ^Ext‘^^{Bj^i,N) is an injection, forl<y</ —2. 


If //bot.i and Ctop,i are both in effect, then the homogeneous natural maps from the long exact 
sequences (14.2.31) and (14.2.41) satisfy 


(4.2.21) 


H''(cy; 


Hy 


132 


^oker(C, 


y ^ 


^top,i 


. 7 V 

'~' i4.2.17[ 




Ext'(B,_2,A^)^^^xt'(Z,-_2,iV) 


14.2.16t 


Ext2(B,._3,iV) 


^bot,i 

i4.2.12i 


J 


^top,i 

i4.2.16[ 


Ext'-'(Bo, A^) 


i4.2.15t 


Ext'(M, 77), 


if 2 < i, and 




■Bo 


Ctop,l 


Ext'(M, 77), 


if / = 1; 


and therefore. Ext'(M, 77) is a natural subquotient of H'(C,). The proof of (|^ is complete. 
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If //top.i and Cbot.i are both in effect, then the homogeneous natural maps from the long exact 
sequences (I4.2.3I) and (14.2.4b satisfy 


(4.2.22) 




H, 


top,i 


]4.2.1(i[ 


roker(C,^ 


'-1^ gTD ^ > W2n\ 


H, 


top,i 


Exti(Z,-_ 2 ,A^) 




Ext2(B,._3,iV) 


^top,i 


Cbotp 

i4.2.2()[ 


Ext'-i(Bo,A^) 


c 


i4.2.19t 


Ext'(M,A^), 


if 2 < i, and 


and therefore, H'(cy) is a natural subquotient of Ext'(M,A^). The proof of (12) is complete. 

It is important to keep in mind that the natural homogeneous maps which appear in (14.2.21b 
are exactly the same as the natural homogeneous maps which appear in (14.2.22b because all of 
these maps come from the long exact sequences of homology (14.2.3b and (14.2.4b and the pictures 
(14.2.5b and (14.2.6b . In particular, if the conditions //bot,i^ C'top,i^ and Cbot.i all are in effect, then a 
quick comparison of (14.2.21b and (14.2.22b shows that the maps labeled “Ctop,i” in (14.2.21b are all 
isomorphisms; hence (14.2.21b provides an injection 

H'(Cy) ^-^Ext'(M,A^), 

and (je)) is established. 

Similarly, if the conditions //top,i^ ^bot,i> and Cbot.i all are in effect, then a quick comparison of 
(14.2.21b and (14.2.22b shows that the maps labeled “//top,i” in (14.2.22b are all isomorphisms; hence 
(14.2.22b provides an injection 

-^Ext'(M,A^), 

and (0 is established. 

If the conditions //top,!, //bot,i, and Ctop.i all are in effect, then the maps labeled “//bot,i” in (14.2.21b 
are all isomorphisms; hence (14.2.21b provides a surjection 

H'(Cy)-^Ext'(M,A^), 


and (O is established. 

If the conditions //top,i, Ctop,i, and Cbot.i all are in effect, then the maps labeled “Cbot.i” in (14.2.22b 
are all isomorphisms; hence (14.2.22b provides a surjection 

H'(Cy) -Ext'(M,A^), 


and (0 is established. 

Assertion (O follows from (|cl) and (0. 


□ 
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Proposition 15.11 is the main algebraic result of the paper. Observation 14.41 shows how to convert 
the hypotheses of 15. II into the conditions of l4. II which are used in the proof of l5.ll 

Setup 4.3. Let be a non-negatively graded Cohen-Macaulay ring with Rq a Cohen-Macaulay 
factor ring of a local Gorenstein ring. Let d be the dimension of R, m be its maximal homogeneous 
ideal, k = R/xnits residue field, and ® = cos its graded canonical module; see 12.61 Let 

(C.,a.): ••■^C2^Ci ^Co^O 

be a graded complex of finitely generated graded /^-modules. Write M = Ho(C,) and H, = H,(C,). 
Let (—)^ denote the functor HomK(—,(o). 

Observation 4.4. Adopt the setup oi \A3\ and use the hypotheses //top,;, ^bot,/. Ctop,;, and Cbot,; of l4.1l 
with At = CO. 

(a) Fix an integer i with \ <i<d. ^dimH,- <d — i + jfor every j with 1 < y < / — 1, then the data 
satisfies condition //bot,r far all t with \ <i and the data satisfies condition //top,r faf all £ 
with 1 <£</—!. 

(b) Fix integers r and s with \ < r < s < d. If rcim{d,d — r + y + 1} < depthC//or every j with 
0 < j <s—\, then the data satisfies condition Ctop/far all i with r<i<s and the data satisfies 
condition C\,ot/far all i with r+\<£<s+l. 

Proof. We may assume that the local ring Rq is complete. In the setting of da)!, we have ) = 0 

for every £ withr/ —/+ j+\<£\ that is, c/ — (/ —y — 1) < £. By local duality, this gives Ext^(//j,co) = 
0 for every h with h <i — j — In (|b]), we have H^(Cy) = 0 whenever 

£ < mm{d,d — r + j + 1} — \= d — max{l,r — y}, 

which gives Ext^ (Gy, co) = 0 for every A with max {l,r — y}</j. □ 

Remark 4.5. By completing, using the Cohen structure theorem, and applying local duality, one can 
obtain Eemma lX^ in full generality as a consequence of Observation 14.41 and Eemma l4~2l Indeed, 
when the hypotheses of Eemma l3.2l are inserted into Observation 14.41 one obtains, in particular, that 
the conditions //bot,^/-/ and Ctop,rf-( hold; so Eemma l4~2|g ] guarantees that Ext^^^/M,®) is a graded 
subquotient of H‘^^'(Hom(C,,(o)) which is a graded subquotient of Hom(Q_/,(o). Eocal duality 
yields is a graded subquotient of Nonetheless, the original proof of Eemma 13.21 

is so elementary and non-technical that we have included both proofs. 

5. The main algebraic statement. 

Proposition 15.11 is the main algebraic result of the section. The rest of the paper consists of 
consequences of this result. In particular, numerical applications of 15.II appear as Corollaries 15.31 
I531and[5^ 

Proposition 5.1. Adopt the setup o/ 14.3l Fix integers i and t with \ <t <i <d. Assume 
(1) + t <depthM/H°(M), 
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(2) dimHy(C,) <d — i + j, for all j with I < j <i—l, 

(3) mm{d,d — i + t + j + \} < depth Cy, for all j with 0 < j <i—l, and 

(4) i — j +l < depth Cj, for all j with i — t + \<j<i. 

Then there is a natural homogeneous injection 

socle(ExtJj(M,(OR))^^-^ . 

Moreover, t < depth(im(d^^^j)), and equality holds depthExtJj(M, CO/;) = 0. 

Remark 5.2. As observed in Remark [331 one typically applies Proposition 15. II when the modules 
Cj are maximal Cohen-Macaulay modules, because, in this case, hypotheses ([3]) and (jUl are auto¬ 
matically satisfied. Hypothesis ([T|l is always satisfied when t = 1 and i = d, and hypofhesis ([T|l is 
satisfied for any t and i if M/Hm(M) is fhe zero module. If 

Hy(C,)p = 0 for all j and p wifh y<j<i- 1 and 2 < dim/?/p, 

fhen hypofhesis (jUl is also satisfied. 

Proof We may assume Rq is complefe. The paramefer t is positive; consequenfly, hypofheses (jUl 
and (|3]l and Observafion I4.4l implv fhat 

(5.2.1) fhe conditions Z/bot,/, Qop,L and Cbot,; of l4.1l all hold, and fhaf 

(5.2.2) fhe conditions ^bot,/i Qop./!, and Cbot./i of 14. H all hold, when i — t + \<h<i—\. 
Use (15.2.11) and Eemma l431el in order fo conclude fhaf fhere is a nafural homogeneous injecfion 

(5.2.3) Exf'(M,(o)C-^H'(C^). 

Combine (15.2.31) and fhe nafural inclusion H'(cy)'^^-^ coker(dV) fo see fhaf 


socle(Exf)j(M,(o))^^-s- socle(coker(dV)) . 

Assumpfion ([T]) guaranfees fhaf H^(M) = 0forl <i<d — i + t— Therefore, 

Exf^(M, co) = 0 for / — f + 1 <h <d — 

Use (15.2.21) and Eemma l43tal fo conclude fhaf H^(cy) ~ Exf^(M, co) for / — t + 1 < /j < <i — 1; and 
fherefore 

H*(C^) = 0 for / - f + 1 < /j < / - 1. 


It follows that the complex 
(5.2.4) Ctt CY 


ar -,+2 




i —1 


> Cjli -A — 7 > coker (d)' 


is exact. Assumption ([H) yields Ext^(k,Cj^;J = 0 for 0 < /i < t — 1. Eong exact sequences associated 
to Ext^(k, —) then show that 


socle(coker(d-^)) ~ HomR(k,coker(d)^))‘^^-Ex 4 (k,im(d.^j^j)). 
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Moreover, t < depth(im(9)^,_|_j)) by the exact complex (I5.2.4I) . Equality holds unless 

Ex4(A:,im(a)^_,+i)) =0, 

which means socle(ExtJj(M,co)) = 0, hence 0 < depth(ExtJj(M,co)). □ 

Corollary 5.3. Adopt the setup of \A3\ and the hypotheses of l5.ll and assume in addition that Rq is 
Artinian. Let a[R) denote the a-invariant ofR and let 0f be the invariant ofR from \2A\ Assume that 
is finitely generated as an R-module. Then 

boilii-‘{M))<bo{Ci^t) + &t + a{R). 

Reminder. Keep in mind that the hypotheses of Eemma 15.11 are satisfied if the conditions of Re¬ 
mark |5]2] are in effect. 

Proof. We may assume that the residue field k is infinife. Graded dualify and Hom-lensor adjoint¬ 
ness give an isomorphism of k-vector spaces 

(5.3.1) ~ socle (Ext); (M,(o)). 

If Ci^t = 0, then, in the language of Proposition 15.11 im(d)^j_|_j) = 0; hence, socle (Ext jj(M,co)) = 0 
by Proposition 15. 1 1 and = 0 by (15.3.11) and the assertion holds. Henceforth, we assume 

C;_f 7 ^ 0. There is nothing to show unless is also non-zero. 

The module is finitely generated; therefore we obtain 

*(34)) = — indeg(socle Ext5j(M,(o)). 

Thus, it remains to prove that 

indeg(socle(Ext)j(M,(o)) > —bo{Ci-t) — ®t — a{R). 

Prom Proposition 15 .1 1 we have a homogeneous embedding 

socle(Extjj(M,co))'^^-^ Ex4(k,/4), 

where N = im(d)^^_|_j). By the same Proposition, t < depth/4 and hence there exists a homogeneous 
/4-regular sequence x = xi,...,xt with Ly=idegx,- = 0;. (The sequence x exists because R is a 
non-negatively graded ring with Rq an Artinian local ring.) Write N = N^rR/{x). We have 

Ex4(k,A) ~ Homfi(k,A)(0() ~ socle(A)(0i). 

Eet F be a graded free R-module of finite rank, with bo{F) = bo{Ci^t), that maps homogeneously 

onto C,_f. We obtain a homogeneous inclusion Cy_f -^ . On the other hand, maps onto 

im(ay_,+i) = N and hence onto N. Thus: 

- -FV(0,) 


socle (/4)(0()^ 


N{et). 











DEGREE BOUNDS EOR LOCAL COHOMOLOGY 


15 


We conclude that socle(ExtJj(M,co)) is a subquotient of F^(0f). Therefore, 


indeg socle (ExtJj(M,(o)) > 


indegF'^(0,) 
indegF^ — 0f 
—bo{F) +indegco — 0f 
-boiCi^,)-aiR)-&t. 


□ 


Corollary 15.41 is a self-contained reformulation of Corollary 15.31 The purpose of this reformu¬ 
lation is to obtain one simultaneous bound for topdegH[„(M) (which is the subject of Eemma lT2l) 
and (7 o(H^(44 )) (which is the subject of Corollary 15.31) for appropriately related r and s. We resume 
this theme in Section |7] 


Corollary 5 . 4 . Let R be a non-negatively graded Cohen-Macaulay ring with Rq an Artinian local 
ring. Denote the maximal homogeneous ideal ofR by m and dimT? by d. Let 

C. : -C 2 -> Cl Co ^ 0 

be a graded complex of finitely generated graded R-modules. Write M = Ho(C,). Fix integers i 
and t with \ < t < i < d. Assume that Hj„'(M) is finitely generated as an R-module. Let 0f be the 
invariant ofR from 12.41 Assume 

(1) /<depthM/H° (M), 

(2) Aim\lj{C,) <i +j— t,for all j with \ < j <d— \ — i + t, 

(3) Cj is a maximal Cohen Macaulay module for all j with 0 < y <d — i + t. 

Then 

max{(io(Hj^^(M)) - 0 i,a,(M)} < bQ{Cd-i)+a{R). 

Proof. Apply Corollary l53] (with i replaced hv d — i + D and Eemma lT2l2l □ 

Corollary I5.5l is the numerical consequence of Proposition 15. ll that we apply most often. 

Corollary 5 . 5 . LetR = k\x \,... be a standard graded polynomial ring over afield, with maximal 

homogeneous ideal m, let 

C. : -^ C 2 ^ Cl ^ Co ^ 0 

be a graded complex of finitely generated graded R-modules, and M = Ho(C,). Assume that 
dimHy (C,) < j whenever \ + j + d — \ and that min{r/,y -1-2} < depthCy whenever 0<j<d-l. 
Then 

boOAl{M))<bo{Cd-i)-d+\. 

Proof. Apply Corollary 15.31 with i = d and t = 1. □ 

The next result is analogous to Corollary 13.51 The hypothesis in 15.61 is a little weaker than the 
hypothesis in l3.5l because we do not require that the complex C, be linear quite as far in the present 
result. Alas, the conclusion is also weaker. We conclude that the generators of h 5}(M) are concen¬ 
trated in one degree rather than learning that all of h 5 }(M) is concentrated in one degree. 
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Corollary 5 . 6 . LetR = k[x \,... ,Xd] be a standard graded polynomial ring over a field, with maximal 
homogeneous ideal m, 

C* ! * * * —y C 2 —^ C\ —y Co —y 0 

be a graded complex of finitely generated graded free R-modules, and M = Ho(C,). Assume that 
dimHj(C,) < I for all positive j and that the subcomplex 

Cd -1 —7> ■ • • ^ Co ^ 0 

of C, is q-linear for some integer q. Assume also that is not zero. Then every minimal 

homogeneous generator o/H5 ^(M) has degree q. 

Proof Apply Corollary |53]to conclude 

bo{Yt{M))<bo{Cd-i)-d+\=q. 

On the other hand, H° (M) is a submodule of M and every minimal homogeneous generator of M 
has degree q. □ 

Corollary 15.71 is well known and easy to prove if /? is a standard graded polynomial ring over a 
field because, in this case, the Cohen-Macaulay module is a free module, h 5J^(M) is a 

summand of M, the sum 0^ + a(/?) is zero, and it is true and clear that 

bo{U^{M))<bo{M). 

On the other hand, the result in the stated generality is new and intriguing. 

Corollary 5 . 7 . Let R be a non-negatively graded Cohen-Macaulay ring with Rq an Artinian local 
ring. Denote the maximal homogeneous ideal of R by m and dim/? by d. Let M be a finitely gen¬ 
erated graded R-module of depth zero and assume that is a maximal Cohen-Macaulay 

R-module. Then 

bo{nl{M))<bQ{M) + ®d + a{R), 
where &d A defined in \2.4\ and a{R) is the a-invariant ofR. 

Proof. Apply Corollary 15.31 with i = t = d and C, a free resolution of M. □ 

6. Geometric Applications. 

We apply the local cohomology techniques of Section |5] to draw conclusions about the generator 
degrees of the second symbolic power of the prime ideal which defines a monomial curve in affine 
space; of fhe second symbolic power of fhe ideal which defines a finife sef of poinfs in projecfive 
space; and of fhe safurafed ideal defining fhe infersecfion of a projecfive scheme wifh a general 
linear subspace. 

Recall fhaf if I is an ideal in a Noefherian ring R, fhen fhe t-fh symbolic power of I is PRw n R, 
where W is fhe complemenf of fhe union of fhe associafed primes of I and R^/i/ is fhe localization of 
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R at the multiplicative system W', see ifT^ . The first two applications in this section make use of 
local cohomology by way of the following lemma. 


Lemma 6.1. Let P be a non-negatively graded Noetherian ring with Pq an Artinian local ring. Let 
1 be a homogeneous ideal in P with P/1 a Cohen-Macaulay ring of dimension one. Write R = P/I 
and denote the maximal ideal of R by m. Then 

< ma.x{bo{I) + bo{m)+a{R),2bo{I)}. 

Proof. LetMbe the/^-module 7//^. Notice that h5^(M) =If is the zero module, 

then = 1 and the degree bounds hold automatically. Otherwise, M/h 5J^(M) has positive depth 
and is a maximal Cohen-Macaulay 7?-module. Apply Corollary l5.7l to the 7?-module M to conclude 
that 

(6.1.1) bo{Yll{I/f))<bo{I/f) + &,+a{R). 

Nakayama’s Lemma guarantees that bo{I/I^) = bo{I). In the present situation, 0i, which is defined 
in (12.41) . is equal fo bo{m). Thus, 

bo{I^^^) < max^bo ,7io(/")} =max{f7o (H° (//Z^)) M^^)} 

< max{bo{I) + bo{m)+a{R),2bo{I)}. 

□ 


Our firsf applicafion of Lemma 160] is fo monomial curves. The hypothesis in Corollary 16.21 that 
77 is a numerical semigroup includes the requirement that all large positive integers are in 77. The 
Frobenius number of 77, denoted F{H), is the largest integer b with b ^ H. One way to see the 
connection between F{H) and the language of Lemma l6T] is described below. 

Let 7? be a non-negatively graded ring over a field. Denote fhe maximal homogeneous ideal of 
7? by m and the dimension of Rhy d. A well known theorem of Serre, see for example, ||Tl 4.3.5], 
shows that 


max{n|Hilbert Functions(n) / Hilbert quasi-Polynomial^(n)} 


( 6 . 1 . 2 ) 


= max < n 


£(-l)'dimH|,(7?)„/0 L 


I !=0 ) 

If R is Cohen-Macaulay, then the number on the right side of (16.1.21 ) is equal to the a-invariant of 
7?. If 7? C k[t] is the homogeneous coordinate ring of a monomial curve, then the number on the left 
side of (16.1.21) represents the largest power n with F ^ R. If 7? is a standard graded ring, then the 
number on the left is often called the postulation number of R. 


Corollary 6.2. Let k be a field, H be a numerical semigroup minimally generated by the positive 
integers hi < /i 2 < • • • < % P be the polynomial ring k[xi,... ,X£], and p f P be the prime ideal 
which defines the monomial curve 


{(x^‘,...,X^OCAi|TGk}. 
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Then the maximal generator degree of the second symbolic power of p satisfies 

< iiiax{^o(p) + the maximal generator of H + the Frobenius number of H,2bo{p)}. 

Proof View P as a graded ring with degx, = /i,. Then p is the kernel of the homogeneous ring 
homomorphism P k[t] with xi i-A- 1^‘. Let R = P/p and m denote the maximal homogeneous 
ideal of R. We see that 7? is a one-dimensional Cohen-Macaulay domain, the a-invariant of R is the 
Frobenius number of //, and bo (m) = is the maximal generator of //. The assertion follows from 
Lemma IQ] □ 

Example 6.3. In the language of Corollary 16.21 if // = <3,4,5>, then 

Z 7 o(p)+7>o(m)+F(//) = 10 + 5 + 2 = 17, 77 o(p^^^) = 18, and 277o(p) = 20; 

so there are situations where some minimal generator of p^ of degree more than 

^o(p) +^o(m) +F{H) 

is also a minimal generator of p(^). The calculation of bo{p^^^) was made in Macaulay2 || 6 l over the 
field of rational numbers. 


Our second application of Lemma IQ] applies to the ideal of a finite set of points in projective 
space and to other similar ideals. In the situation of Corollary 16.41 

reg(7?) = a(R) + 1 = the postulation number of P/I plus one; 

see the discussion surrounding (16.1.21) . 

Corollary 6.4. Let P be a standard graded polynomial ring over a field and 1 be a homogeneous 
ideal in P with R = P/I Cohen-Macaulay of dimension one. Then 

< bo{I) +reg{R) + 1. 

Furthermore, if in addition to the above hypotheses, the minimal homogeneous resolution of I by 
free P-modules is not linear, then 

(6.4.1) bo{I^^'>) < bo{I) +reg(/?). 


Proof The ring 7? is a standard graded ring over a field; so every minimal generafor of fhe maximal 
homogeneous ideal m of 7? has degree one; furthermore 1 +a(7?) = reg(7?). Apply Lemma l 6 +] to 
obfain 

< max{bo{I)+bo{m)-\-a{R),2bo{I)} < max{ 77 o( 7 ) +reg(7?),277o(7)} 

= bo{I)-y max{reg {R),bo{I)}. 


In fhe general case, 

boil) < reg(7) = reg(7?) + 1. 

On fhe ofher hand, if fhe minimal homogeneous resolution of 7 by free P-modules is nol linear, fhen 

bo{I) < reg(7) = reg(P) + 1; 
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hence ^o(^) < reg(7?). □ 

Example 6.5. If P = Q[y, 3 ^,z] and / is the ideal of P generated by the 2x2 minors of 

X y z 
y z x\' 

then R = P/I is a one dimensional Cohen-Macaulay ring, the minimal homogeneous resolution of I 
by free P-modules is linear, 

Z 7 o(/)+reg(P) =2 + 1 =3, and = A\ 

so the inequality (16.4.Ill does not hold in the general case. Again, was computed using 

Macaulay2 |f 6 l. 

Remark 6.6. If one re-does the calculation of Corollary 16.41 starting at (16.1.11) . then one can read 
the conclusion of Corollary I6.4l as 

(6.6.1) bo{l^^^/I^)<bo{I)+xtg{R). 

Indeed, 

= 6 o(H« (///2)) < boiI/f) + &i+a{R) = boil) + l+a{R) = boil) +reg(P). 

The formulation (16.6.11) affords a direct comparison with the relevant part of 0 Cor 7.8]: 

topdeg(/^^V'^^) < - 1 + reg(P). 

Observe that boil^^^/I^) < topdeg(/Py/^) and boil) < b\il) — 1. (Recall the meaning of bj from 

(IO) .l 


Corollarv l6.7l is about general hyperplane sections of subschemes of projective space over an infi¬ 
nite field k. Lef V be fhe subscheme of defined by fhe homogeneous ideal I in R = k[xi,... ,Xd\ 
and // be a linear subspace of P^^^ defined by c general linear forms in k[xi ,...,, for some c wifh 
1 < c < dim+. We produce an upper bound for fhe maximal generator degree of fhe safurafed ideal 
defining E n //, in terms of informafion fhaf can be read from fhe minimal homogeneous resolution 
oi R/I. Notice fhaf fhe safurafed ideal of + n// is fhe ideal of polynomials vanishing on ED// if 
1 is radical 111 5.2]. If + is arilhmefically Cohen-Macaulay, fhen fhis informafion can be obfained 
by way of fhe well-known fechnique of Arfinian reducfion. However, if + is nol arilhmefically 
Cohen-Macaulay, fhen fhe bounds fhaf we oblain are new and inferesling. In particular, we have 
highlighted fhe case when E n // is a zero dimensional scheme. 

Corollary 6.7. Let R = k[xi ,... be a standard graded polynomial ring over an infinite field k, I 
be a homogeneous ideal ofR, c be an integer with 1 < c < dim(P//) — 1 , li,... ,£c be general linear 
forms in R, T be the image I in R = R/i£i,, £c), and J be the saturation J = P^'- of I. Then 


boiJ)< max{ 6 o il),bd-c- 2 il) -d + c+l}. 
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Furthermore, if c = dim (7?//) — 1, then 

t>o{J) <bd~c- 2 {l)-d + c + 2. 

Proof. Denote the maximal homogeneous ideal of /? by m and the maximal homogeneous ideal of 
R by m. The ideal 7 of ^ is equal to 




therefore 


7// = H?(^/7) 


and 



modules. Consider the complex C, = C, ®rR. The linear forms . ,7^ are general so To\f{R/fR) 
has finite length for all positive i. (See ll^ 2.3] for a proof and ifTSl above 2.2] for an explanation; 
or prove the assertion directly using an argument in the style of the proof of Lemma [8. 141 1 Keep 
in mind that ^ is a polynomial ring of dimension d — c. Apply Corollary 15. 5 1 to the complex C, to 
obtain 


bo (H? {R/J)) < bo {Cd-c- i)-{d-c-\)= bd-c -1 {R/I) -{d-c-\) 
= bd-c^if) -{d-c-\). 

This completes the proof of the general case. 

If c = dim(/?//) — 1, then d — c — \= ht/ = grade/ and 

bo{R/l) < bi {R/I) < ■ ■ ■< bd-c^i (R/I) 


because 


0 ^ Co ^- 


d-~c—\ 


is a minimal resolution. It follows that 


bo{I) < ■ ■ ■ < bd-c-2{I)', 


and therefore, bo{I) < bd~c-2{I) — d + c+ 2 . 


□ 


7. Application to partial Castelnuovo-Mumford regularity. 




The number reg(M/H{J,(M)) which appears on the left side of (17.1.11 ) is equal to the partial regu¬ 
larity 


( 7 . 0 . 1 ) 


max{fl:,(M) + /1 1 < /} 
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of M. We obtain the right side of (17.1.11) as an upper bound for the partial regularity (17.0.11 ) of M. 
Then we show that the maximal generator degree of the submodule of M that is ignored in 

the calculation of (17.0.1b satisfies the same bound. 

We also offer the following interpretation of the right side of (17.1.1b . If C, had been a minimal 
resolution of M by free 7?-modules then bo{Ci) would equal bi{M). Of course, 

max{bi{M) — i\ 0<i<d — t} 

is another partial regularity of M. The regularity reg(7?) measures how far R is from being a poly¬ 
nomial ring. 

Corollary 7.1. Let R be a Cohen-Macaulay standard graded ring with Rq a field. Denote the 
maximal homogeneous ideal ofR by m and dimT? by d. Let 

C. : -^ C2 ^ Cl Co ^ 0 

be a graded complex of finitely generated graded R-modules. Write M = Ho(C,). Fix an integer t 
with I <t <d. Assume 

(1) t < depth M/H“(M), 

(2) dimHy(C,) < j, for all j with 1<7< d —I, and 

(3) Cj is a maximal Cohen Macaulay module for all j with 0 <j<d-\. 

Then 

(7.1.1) max{f7o(Hm(M)),reg(M/H° (M))} < max{bo{Ci)-i | 0 < / <d-t} + reg{R). 

Proof The assumption on the depth of implies that 

H^M/H°(M))=0 for0</<t-l. 

Therefore 

reg(M/H5^(M)) = max{a,-(M) + i\ t <i<d} 

< max{fjo(Cd-i) + a{R) + i\ t <i<d} by Lemma [3.2l2l 

= max{fjo(Ci) +a{R) + d — i\0 <i <d— t}. 

Apply Corollary 15.31 with i = d to obtain 

bQ{Yt{M))<bQ{Cd-t) + t + a{R). 

The invariant 0^ from l5.3l and l2.4l is t because R is standard graded, and a{R) + d = reg(/?) for the 
same reason. □ 

8. Applications to ideals generated by lower order Pfaffians and to residual 

INTERSECTIONS OF GRADE THREE GORENSTEIN IDEALS. 

This section is motivated by the following question: Given an n xm matrix tp of linear forms 
from a standard graded polynomial ring R = k[xi,... ,Xd], when is it true that an ideal of minors 
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It (cp) is a power of the maximal homogeneous ideal m? An obvious necessary condition is that 4 (tp) 
has height d, and sometimes this condition is also sufficient. As is well known, if ht (tp) = d = 
n — m+l, then /„j((p), the ideal of maximal minors, is equal to m'”. 

To deal with ideals of non-maximal minors, assume that 

(8.0.1) m —/+1 < ht 4((p) for m — d+\<i<m. 

This assumption predicts that ht 4(tp) = d precisely when 1 <t<m — d+\, and indeed, 

(8.0.2) 4((p)=m^ for \ <t<m — d+\. 

To see this, we may assume that the field k is infinite. Let M be the cokernel of tp and A be a 
submodule generated hy n — m + d — \ homogeneous minimal generators of M. The above height 
inequalities for the ideals /,(tp) mean that q(Mp) < dim7?p + n — m for every p G Spec(7?) with 
dim/?p < d — 1. Proposition 18.131 below shows that after a k-linear change of generators of M, 
{M/N)p = 0 whenever dim/?p <d — l. The module M/N is presented by a submatrix tp' of tp with 
n — {n — m + d —\ ) = m — d + \ rows and m columns. Since the module M/N has codimension 
d, it follows that ht Im-d+i (tpO — ^ = m — {m — d + \) + \. Thus, as explained above, the ideal of 
maximal minors Im-d +\(^0 equal to It follows that, in particular, Im-d+i (9) = . 

To see that 4 = lor t < m — d + \, one employs a deformation argument as in the proof of 
Theorem 18.3 1 a below. 

8.1. The condition (18.0.1b was employed in the above proof to apply basic element theory and to 
deduce that the height of an ideal of minors does not change if we pass from the matrix tp to a suitable 
submatrix tp'. The condition (18.0.1b appears prominently in the study of symmetric algebras of ideals 
and modules. A further essential ingredient in the above proof is the fact that the ideal of maximal 
minors of tp' has a linear resolution, which implies that it is a power of the maximal ideal and hence 
is equal to the corresponding ideal of minors of tp. The equality of these ideals has been called the 
row condition in the literature and has been shown to be related to the Cohen-Macaulayness of Rees 
algebras. 

In this section we prove a statement analogous to (18.0.2b for ideals of Pfaffians of alternating 
matrices. The method of proof outlined above cannot work in this setting because the relevant 
resolutions are not completely linear and their duals are not acyclic. Moreover, the row condition 
does not hold anymore because Rees algebras of ideals generated by Pfaffians tend not to be Cohen- 
Macaulay. The proofs are more involved, and require the results of the present paper, most notably 
Corollary 15.61 and the resolutions worked out in Ifl4l . 

Thus let tp be an n X n alternating matrix of linear forms from a standard graded polynomial ring 
R = k[x\,... ,Xd]- Suppose that Pf„_i((p) is a height three Gorenstein ideal. Notice that rank tp = 
n — 1. As above we require that n — / < ht 4 (tp) for n — J < / < n — 1. This assumption has equivalent 
characterizations that we will use throughout this section: 
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Remark 8 . 2 . Let 7? be a Cohen-Macaulay ring, 5 and n be integers with 3 <n and n odd, and tp be 
ann xn alternating matrix with entries from R. Let I denote the ideal Pf„_i((p) and assume that I 
has height three. The following conditions are equivalent: 

(a) q(/p) < dim/?p + 1 for every p G L(/) with dim/?p <5—1; 

(b) n — / < ht li (tp) for every i with n — s<i<n — \\ 

(c) n — / + 1 < ht Pf; (tp) for every even i with n — s+l<i<n—I and in addition, if n — 5 is even, 
n — 5 < ht Pf„_^((p). 

Proof. The equivalence of ([all and © follows from |[3l 20.6], and the equivalence of © and (Ic]l is 
proved in |[T4l 5.1 La]. □ 

Condition dUl of Remark lS^ means that I satisfies fFo. in the sense of lITOl . locally up to codimen¬ 
sion 5—1, whereas conditions © and © appeared in ifT^ 5.8, 5.9] and were named WMC„_i and 
WPC„_i, respectively. These conditions are used, for instance, to guarantee the acyclicity of certain 
complexes, like approximation complexes (HI 5.3] or © proof of 6.10]) and the complexes of llT4l . 

The main result in this section is Theorem 18.31 where tp is an n x n alternating matrix of linear 
forms from a standard graded polynomial ring R = k[x\,... ,xf\. We require the equivalent condi¬ 
tions of Remark [Q] for s = d. This hypothesis ensures that Pff (tp) has height d precisely when t is 
even with 2 <t <n — d + \, and we prove in the theorem that Pf?(tp) is a power of m in the same 
range. 

Theorem 18.31 also describes the sum of all homogeneous d-residual intersections of Pf„_i(tp). 
In discussion 18.11 where tp was an arbitrary matrix, if we assume further that the cokernel of tp is 
an ideal /, then the ideal generated by the maximal minors of tp' is a r/-residual intersection of 7. 
As we have seen, this particular residual intersection is a power of m and hence is independent of 
the choice of tp'. When tp is an alternating matrix and 7 = Pf„_i(tp), then the analogues r7-residual 
intersections of 7 are not a power of the maximal ideal, but their sum is. 

Recall that for an ideal 7 in a Noetherian ring R and an integer 5 with ht7 < 5, an ideal A' of 7? is 
called an s-residual intersection of 7 if there exists an 5-generated ideal a C 7 such that K = a : I and 
5 < htA'. The 5-residual intersection is called geometric if 5-|- 1 < ht(7-|-A') and homogeneous if a 
and 7 are homogeneous ideals in the graded ring R. 

Theorem 8 . 3 . Let k be an infinite field, d and n be integers with 3 < d <n and n odd, R be the 
standard graded polynomial ring k[xi,... ,Xd], be an n x n alternating matrix with homogeneous 
linear entries from R. Let I denote the ideal Pf„_i (tp) and m denote the maximal homogeneous ideal 
ofR. Assume that 1 has height three and satisfies the equivalent conditions of Remark ]?,. 2\ f or s = d. 
Then the following statements hold. 

(a) The ideal Pf/(tp) is equal to for all even integers t with 2<t <n — d+^. 

(b) The sum of all homogeneous d-residual intersections ofl is 

The proof of Theorem 18.3tal appears in 18.81 and the proof of Theorem 18.3lbl appears in 18.151 The 
result which connects the local cohomology of Section |5] and the present situation is Lemma 18.41 
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When d is even, we apply Lemma lOl to the complex (cp) of llT4l in Lemma [875] and learn that 

Pf(((p) = for the unique value t = n — d + \. We deform Pf„-i (tp) in order to draw conclusions 
about Pff((p) for even t with t <n — d+\. The main deformation result is Lemma ISTVl 

A generating set for each residual intersection of a grade three Gorenstein ideal is given in Ifldl . 
We deduce (jbj) from ([all by showing that 

(8.3.1) Pf2^^^((p) 

where the sum is taken over all homogeneous r/-residual intersections of /. 

Lemma 18.41 is a continuation of Corollary 15.61 except we have added the hypothesis that the 
complex C, has length d', notice that C, is acyclic in this case, by the Acyclicity Lemma. 

Lemma 8.4. Let k be a field and R = k[xi,... ,Xd] be a standard graded polynomial ring with 
maximal homogeneous ideal m. Suppose that 

C. : 0 ^ Q ^-^ Co ^ 0 

is a homogeneous acyclic complex of finitely generated non-zero free R-modules and that the sub¬ 
complex 

0 Cd_i ^-^ Co ^ 0 

ofC, is a q-linear complex, for some integer q. Let M = Ho(C,) and N = bQ{Cd) — q — d-\-1. Then 
the following conclusions hold. 

(a) The product • h5^(M) is equal to zero. 

(b) If all of the minimal generators ofCd have the same degree, then 

= annsHj|,(M). 

Proof. Let (Hr ~ R{—d) be the graded canonical module of R and let (—)^ denote the functor 
Horn/; (—, 00 /?). Apply graded local duality in the form: 

(8.4.1) The graded /^-modules hJJ,(M) and Ext^(M,( 0 /;) are k-dual to one another, 

see, for example, H] 3.6.19]. If H|],(M) = 0, then A = 0 and the assertions are true. Henceforth we 
assume hJ]^(M) 0. From Corollary 15.61 we know that every minimal homogeneous generator of 

(M) has degree q. Hence by (18.4.11) every socle element of Ext^(M, co^) has degree —q. Further¬ 
more, (18.4.11) shows that Ext|(M, co^) is an /^-module of finite length with the same annihilator as 

Eet dd denote the differential dd'-Cd ^ Cd-\. The definition of Ext yields an exact sequence 

C'd-i Ex4(M, (o«) ^ 0 . 

The minimal homogeneous generators of C^ have degrees at least —bQ{Cd) +d and Ext^(M, co«) 
is a module of finite length with socle in degree —q. It follows that that [Ext^(M,co«)],- = 0 except 
when —bQ{Cd) -\-d <i< —q. Hence Ext^(M,(OR) is annihilated by xn^‘i-(-bo(Cd)+d)+\ _ 

This completes the proof of (|a|). 
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We now prove (|b]l. The homogeneous basis elements of j and of have degrees 
— d — 1) d — —1 and — -t-r/, 

respectively. It follows that 

imd^ C m-q+'^~{-HO)+d)(^v ^ 

On the other hand, since annihilates Ext^(M,C 0 R) ~ coker 3^, we have 

m Cj C imd^. 

We conclude that imd^ = m'^C^, and therefore Ext^(M,C 0 R) ~ R/m^ 0 rC'^. Now © follows 
because is a non-zero free /^-module. □ 

When d is even, we apply Eemma lMi to the complex of ifTdl in Eemma[83]and learn 

that Pff(tp) = for the unique value t =n — d + \. 


Lemma 8.5. Let d and n be integers with 3 <d <n, n odd, and d even. Let Rbe a non-negatively 
graded Gorenstein ring with Rq a local Cohen-Macaulay ring. Denote the maximal homogeneous 
ideal ofR by m and dim/? by d. Let be an nx n alternating matrix of linear forms from R and 
I = Pf„_i((p). Assume that 1 has height three and satisfies the equivalent conditions of Remark \%.2\ 
for s = d. Then the following statements hold. 

(a) The annihilator o/H5J,(Sym^_j(/)) is equal to Pf„_ rf+i((P)- 

(b) IfR is a standard graded polynomial ring over afield, then Pf„_^+i (tp) = m 2 ^ . 


Proof. Consider the complex 




4-1 


ayd-\ 


3i, 


©; 


4-1 


■'d ^ -^d-X ^ ■■■ ^ ^0 ! 

from IIT 4 I Def. 2.15 and Pig. 4.7] that is associated to the alternating matrix tp. The zero-th homology 
of (tp) is Sym^_j (/); see |[T4l 4. 13.b]. The complex (tp) is acyclic since 1 satisfies condi¬ 
tion (Ic]l of Remark lOl with s = d', one sees this by applying llT4l 6.2] with g = n and r = n — d. The 
complex (tp) is a homogeneous complex of finitely generated free /?-modules and all maps are 
linear except for 3^; see |[T4l 2.15.d]. The map 3^ : given explicitly in lfT4l 2.15.C 

and 2.15.f]; the free module ' has rank one and, after bases are chosen, 3^ is a column vector 
whose entries are the Pfaffians of the principal {n — d + 1) x {n — d + 1) alternating submatrices of 
tp. It follows that 

ann(coker3^) = Pf„_rf+i((p), 


where (—)'^ denotes dualizing into the graded canonical module co^ ~ /?(a). 

Notice that coker3^ ~ Ext|(Sym^_j(/),C0s)- Moreover by (18.4.11 ). the /?-modules Ext|(M,cO/;) 
and hJ]^(M) have the same annihilator. Hence Pf„_^+i (tp) is also the annihilator of Hj^(Sym^_j (/)). 
This completes the proof of (|a|). 

Assertion ® is established by comparing ([a]) and Eemma [8.4lbl The discussion at the beginning 
of this proof shows that the complex (Zff^^((p) satisfies fhe hypofheses of Eemma [8.4lbl wifh N = 
{n — d+l)/2. □ 
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We now prove Lemma lS^ which is crucial to our proof of Theorem l8.3l In Lemma lS^ we deform 
a height three Gorenstein ideal which satisfies the equivalent conditions of Remark [8^ for some s, 
into a height three Gorenstein ideal which satisfies fhe equivalenf conditions of Remark lS^ for 5 +1 
af fhe expense of adjoining a polynomial variable fo fhe ambienf ring. The deformalion fheory of 
Pfaffian schemes is well understood. We include an essenfially complefe proof in fhe language we 
are using. Observafion l8.6l is very elemenfary; we suppress fhe proof. 

Observation 8.6. Let R be a universally catenary, locally equidimensional Noetherian ring, R = 
/?[r] be a polynomial ring in one variable over R, 1 be an ideal of R, I be an ideal of R. Suppose 
that the ideals {I,T) and {I,T) ofR are equal. Then hf^/ < hf^/. 

In order fo extend fhe conclusion of Lemma lOl from a resulf abouf Pf„_d+i (tp) to a resulf abouf 
Pf, (tp) for all even t, wifh 2<t<?i — d+l,we deform tp. The main deformalion resulf is Lemma lS^ 

Lemma 8.7. Let k be an infinite field and Rbe a standard graded Cohen-Macaulay ring with Rq = k. 
Denote the dimension ofR by d. Let s and n be integers with 3 <n and n odd, and let be annxn 
alternating matrix with homogeneous linear entries from R. Suppose that 

(a) d < (^+2), 

(b) 3 < hlPf„_i((p), and 

(c) Pf„_i((p) satisfies the equivalent conditions of Remar k \%.2\ 

Then there exists an nxn alternating matrix <I> with homogeneous linear entries from the standard 
graded k-algebra which satisfies 

(1) <I> specializes to tp under x^^i i-A- 0, 

(2) 3 < hlPf„_i(d>), and 

(3) Pf„-i (<I>) satisfies the equivalent conditions of Remark \%.2\f or 5+1. 

Proof We write <I> = tp + x^+itp^+i for some nxn alternating mafrix of conslanfs (p^+i which has 
nol yel been determined. Since tp satisfies condition (|b]l of Remark 18.21 we obfain n — i < ht/,((p) 
for every i wifh n — s <i <n — \. Hence Observafion 18.61 shows lhal n — / < hi /, (<I>) for every i 
wifh n — s<i<n — I, and if remains to choose in such a way lhal 

(8.7.1) 5 + 1 < hi/„_,_! (<!)). 

For fhis we may assume lhal 1 < n — 5 — 1 . 

Lei {zij} represenl fhe sef of indelerminales {zij | 1 < 1 < y < n} and Z represenf fhe nxn 
alternating mafrix wifh ztj in row i and column j for 1 < / < j <n. Notice lhal tp + Z is a generic 
alternating nxn mafrix wifh enfries in fhe ring Lei c be fhe smallesl positive inleger wifh 

n — 5 — 1 < 2c. We obfain 

\/7M-i-i(tp + -Z) D Pf2c(tp + Z), 

and fhe lalfer ideal has heighl according fo Room ifTSl . If follows lhal 

fn — 2c + 2\ , , , 

{ 2 ) — 
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Since d < i^) by hypothesis (|a]) and 2c <n — sby the choice of c, we conclude that 
(8.7.2) < ht/„_.v_i((p + Z). 


Consider the homomorphism of standard graded ^-algebras 


d:A = k[{zij}] 


B = 


One has 


dim0(A) < dim B < dim A, 


where the first inequality can be seen by comparing the Hilbert functions of the two algebras, for 
instance, and the second inequality is a consequence of (18.7.21) . It follows that 9 can not be an 
injection. 

Let / in ^[{Z;,^}] be a non-zero element of the kernel of 9. So, 


(8.7.3) /e4_,_i((p + Z). 

The field k is infinite; so there is an element € ^( 2 ) with / 0 in k. Let tp^+i be the 

matrix of constants that is obtained from Z by replacing Zi,j with for all i and j. Substitute y 
in for Zij in (18.7.31) in order to see that 


/(^r,y) G/«-i-i((p + (Pd+i) in R. 


Of course, is a unit in k; so, 

1 G/«-.s-i((p + (Pd+i) in R- 


Homogenize using the variable Xd+y and conclude 

^d-i-i ^ 4i—i —1 (tp TtP( 7 +i) in R. 

It follows that 

^d+l G \/7j 7—1 (tp-|- 

and therefore, 

\/ i^d+l ) A ^n—s—l (tp) — \/7«—1 (tP A-'-d+l tP(7+l)• 

Since In-s-\ (tp) A /„_i((p) and the latter ideal has height at least n — 5 in /? by assumption (j^), we 
conclude that 

+ 1 A ht 1 (tp + 1 (pd+ 1 ); 

so, (18.7.1b is established and the proof is complete. □ 


8.8. Proof of Theorem IH^lal Fix an even integer q with d < q <n—\. Apply Lemma IST/l multiple 
times to obtain an n x n alternating matrix <I>^ with homogeneous linear entries from the standard 
graded polynomial ring Rq = R[xdJ^\,Xq] such that 

(1) specializes to tp under the 7?-algebra homomorphism Qq : Rq ^ R which sends x, to 0 for 
all i with d + 1 < i < q, 

(2) 3 < htPf„_i(<f>^), and 
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(3) Pf«-i satisfies the equivalent conditions of Remark [ 8 ^ with s = q. 

Notice that hypothesis ([all of Lemma l8.7l is automatically satisfied at each application of l8.7l because 
each time the values of “d” and “s” (in the language of l8.7b are equal. Now apply Lemma [8.5lbl to 
conclude that 

in Rq. The specialization homomorphism 9^ carries the most recent equality to 

Pf.-,+i(cp)=m(”-^+i)/2 

in R. Let t be the even integer n — q+\. Notice that 

d <q <n— \ <(=^ 2<t <n — d+\. 

This completes the proof of Theorem 18.3tal □ 

We outlined the proof of (0 at (I8.3.1I) . Now we fill in the details. The residual intersections that 
we consider all arise from an almost alternating matrix. If p and q are integers with p positive and q 
non-negative, then a p x (p + < 7 ) matrix p is called almost alternating if the left-most p columns of p 
form an alternating matrix. We are interested in non-square almost alternating matrices. Let /? be a 
commutative Noetherian ring, p and q be positive integers, and p be a p x (p -|-^) almost alternating 
matrix with entries in R. The matrix p gives rise to an ideal 7(p) in R, see (18.91) . It is shown in ifTdl 
8.3 and 8.9] that grade7(p) < q and if grade/(p) = q, then /(p) is a perfect ideal in R. (Once a 
candidate for a residual intersection is known to be perfect, then it is not difficult to show that the 
candidate really is a residual intersection; see llT4l 8.3 and 8.9].) It is also shown in 1(141 10 . 2 ] (see 
I8.10l and l8.11l) that, once minor hypotheses are imposed, then every residual intersection of a grade 
three Gorenstein ideal is equal to 7(p) for some almost alternating matrix p. The precise residual 
intersection calculation that we use in the proof of l8.3lbl is contained in Example l8.12l Lemma (8. 141 
is a technical result that allows us to apply the technique of Example l8.12l to any appropriately sized 
subset of one given minimal generating set for 1. 

8.9. Eet 7? be a commutative Noetherian ring and p = [2f T] be an almost alternating matrix with 
entries from R and X square. Define 7(p) to be the ideal of R generated by the Pfaffians of all 
principal submatrices of 

r X y ' 

0 

which contain X. 

Eemma lS.lOl is an immediate consequence of 1(141 10.2]. 

Lemma 8.10. Let Rbe a non-negatively graded Cohen-Macaulay ring with Rq afield, 1 be a height 
three Gorenstein ideal in R which is presented by an alternating matrix of linear forms, a be a sub¬ 
ideal of I minimally generated by q homogeneous elements for some q with 3 <q, and J be the ideal 
a :r I. Assume that 
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(1) the minimal number of generators ofl/a is pfor some positive integer p, and 

(2) the ideal J is a q-residual intersection of I (that is, q < grade/). 

If either 

(i) the ring R is Gorenstein, or else, 

(ii) the residual intersection J = a I is geometric, 

then J = J{p') for some almost alternating px (p + q) matrix p' of homogeneous forms of positive 
degree. 

8.11. We explain how the relevant px (p + q) almost alternating matrix p' arises because it is 
crucial that we know that the alternating portion of p' is a principal submatrix of some minimal 
homogeneous alternating presentation matrix for I. Let n be the minimal number of generators of 
I. One starts with an nxn matrix X of linear forms which presents I and anx q matrix F which 
expresses the generators of a in terms of the generators of / in a homogeneous manner. One can 
arrange this data so that the matrix F has the form 

Y=\^' 

[O In-p\' 

where the entries of Y' are homogeneous forms of positive degree and is the identity matrix 
with n — p rows and columns. The ideal J is /(p), where p is the nx {n + q) almost alternating 
matrix [X F] . The ideal J is also J{p'), where p' = \X' F'] is the px {p + q) almost alternating 
matrix of homogeneous forms of positive degree which is obtained from p by deleting the last n — p 
rows and columns of p. 

Example 8.12. Let / be a grade three Gorenstein ideal in a ring R with / presented by the nxn 
alternating matrix tp for some odd integer n. Let g= [gi,... be the row vector of signed maximal 
order Pfaffians of tp. (In particular, / is generated by the entries of g and the matrix product g • (p is 
zero.) Suppose that the ideal a = , ... ,gn) has the property that a: / is a t-residual intersection 

of I. (In other words, suppose that t < ht(a : /).) Then 

{ {{pi \ n — t + \<i< n}) C (o : /), if t is even, and 
(p)C(o:/), iff odd, 

where p, is the Pfaffian of the principal submatrix of tp which involves rows and columns 

l,...,n-t,i, 

and p is the Pfaffian of the principal submatrix of tp which involves rows and columns 

1,... — f. 

Proof We follow the procedure of (18.111) . The ideal a : / is equal to /(p), where p is the nx{n + t) 
almost alternating matrix 



1 - 

X 

T 

s: 

O 

Y 

Itxt 
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It is convenient to partition tp into four submatrices: 

(p = 


a:/ = 7(p) = 7 




n 1 

^ rf\ 

[ 

(p 

/ 



‘I’Ll 

‘I’l,2 

‘I’2,l 

<1*2.2 

X t, <I> 2,1 is 

‘I>1,1 

<1*1,2 

‘I’2,l 

<1*2,2 

E’l,! 

< 1 * 1 , 2 ]) 


= the ideal generated by the Pfaffians of the principal 


submatrices of 


<I> 


1,1 


-<I> 


1,2 


‘I’l,2 

0 


which contain <I> 


1 , 1 - 


In particular, p, which is equal to the Pfaffian of is in o : / if f is odd; and, if t is even, then p,, 
which is equal to the Pfaffian of 



(Pi,i 

<1*1,1 

1+1,/ 


0 


is in a : I, for each i with n — t + l<i<n, where tp, j is the entry in the matrix tp in row i and column 


J- 


□ 


The next two results come from Basic Element Theory and are essentially known. Proposition 
I8.13l was mentioned in the introduction to this section. We were unable to find a suitable statement 
and proof in the literature. The work takes place in the proof of the proposition. Lemma [8.14l is an 
application of the proposition and is used in the proof of Theorem l8.3lbl 


Proposition 8.13. Let k be an infinite field, R be a non-negatively graded Noetherian ring with 
Rq = k, and M be a graded R-module generated by homogeneous elements mj,... of the same 
degree. For fixed integers r and s, assume that 

iH(Mp) < max{0,dim/?p + r] 

whenever p G Spec (7?) with dim/?p <5—1. Then for a general k-general linear combination x of 
mi,...,m„ , 

p{{M/Rx)p) < max{0,dim/?p + r — 1} 
whenever p G Spec(R) with dim/?p <5—1. 

Proof The assumption on the local number of generators of M translates into the inequality of 
heights of Fitting ideals 

/ — r + 1 < Fitt, (M) 

for every i with 0</<5 + r—1; see E 20.6]. 
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Let 

i+r—1 

J’= (J Min(Fitt,(M)), 

i=0 

where Min(/) denotes the set of minimal primes of an ideal I. Notice that ¥ is finite subset of the 
support of M. Thus, since k is an infinite field, a general k-\mew combinafion a of mi,... has 
fhe properly lhal y is a minimal generator of Mp for every p G !P. In particular, 

li{{M/Rx)p) < max{0,dim/?p+ r — 1}, 

whenever p € IP and dim7?p < 5 — 1. 

Now lei p G Supp(M) \ iP wilh dim/?p <5 — 1. In Ihis case /r(Mp) = / + 1 for some i wilh 
0 < / < s + r— 1, hence p G V(Fill,(M)). Since p 0Min(Fill,(M)), Ihere exisls q G F(Fill,(M)) wilh 
q c p. Notice lhal fj{Mq) = / + 1 = ^(Mp). Thus 

^{{M/Rx)p) < /r(Mp) = /r(Mq) < max{0,dim/?q + r} < max{0,dim/?p — 1 + r}. 

□ 

In fhe nexl resull we apply Proposition 18.131 to show lhal Ihere exisls a minimal generating sel 
of an ideal I such lhal any appropriale subsef of fhis minimal generaling sel gives rise to a residual 
intersection. 

Lemma 8.14. Let k be an infinite field, Rbe a non-negatively graded Noetherian ring with RQ = k, I 
be a homogeneous ideal ofR generated in one degree, and s be a non-negative integer. Assume that 
P(4) < dim/?p +1 for every p G F (/) with dim/?p <5—1. Then there exists a minimal homogeneous 
generating set f = f\,.for 1 so that for each integer t with hi/ <t<s and each t-element 
subset /vi,... ,/v, of f, the ideal {f ^^,... ,/vJ : I is a t-residual intersection of L, in other words, 

I <hl((/vi,...,/v,) :/). 

Proof We apply Proposition 18.131 wilh r = 1 and M various factor modules of I. We conslrucl 
/i,by induction on i for 1 < / < n. The elemenl /i is a general elemenl x lhal satisfies Ihe 
assertion of Proposition 18.131 for M = I and is a minimal generator. If 1 < / < n — 1, we choose 
/,+i to be a general elemenl x lhal satisfies Ihe assertion of Proposition 1 8.13 1 for each of Ihe finitely 
many modules M = //(/vj,... ,/v^), where 0 < ; < t - 1 and {/vj,... ,/v^} C {/i,...we also 
require lhal /,+i is a minimal generator of //(/i,... ,fi). Now Proposition 18. 13l shows lhal for every 
p G Spec(/?) wilh dim/?p < t — 1, 

P((V(/vi, ■ • ■ ,/v,))p) < max{0,dim/?p + 1 -1} = 0. 

Thus Ip = (/vj,... ,/v,)p whenever dim/?p <1 — 1, which proves Ihe assertion. □ 

8.15. Proof of Theorem I8.3lbl As slated in (18.3.11) . il suffices to prove 

Pf2^^^((p)c£7Cmr^l, 
















32 


ANDREW R. KUSTIN, CLAUDIA POLINI, AND BERND ULRICH 


where the sum is taken over all homogeneous r/-residual intersections of I. The inclusion on the 

right is a consequence of Lemma [8. 101 because each residual intersection J under consideration is 

generated by Pfaffians of various principal submatrices of a homogeneous alternating matrix with 

entries of positive degree. The submatrices that are used have even size and that size is at least 

^ n — d 
2 - . 

2 

The inclusion on the left follows from Lemma [8. 141 and Example 18. 121 Indeed, Lemma [8. 141 pro- 
duces a generating set /i,..., for I with the property that (/vi , ■ • •, /v^ ) : / is a residual intersection 
of / for all choices of Vi < ■■■ <Vd with 1 < Vi and Vd < n. Replace tp with the n xn alternating 
matrix tp whose row vector of signed maximal order Pfaffians is equal to (a unit times) [/i,... 

(We explained this language in Example l8.12l ) Of course, Pf 2 pW] (9) = (^)- Exam¬ 

ple [802] many times to see that the Pfaffian of each (2[^^]) x (2[^^]) principal submatrix of tp 
is in some r/-residual intersection of 7. □ 

Remark 8.16. If <7 = 3, then Theorem l8.3lbl savs that the sum of all homogeneous links of 7 is equal 
to m^; indeed, the links of the ideal 7 are precisely its 3-residual intersections. 
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